A new controller based on the modified Riccati-like Equation is developed in this paper. The interval type 2 fuzzy model is applied and embedded in the controller to ensure the robustness to parameter uncertainties and also to support calculation progress. The proposed input control includes equivalent control and robustness control. The equivalent control is found from the conventional analysis with the sliding surface, but this control is not sufficient to resolve the uncertainties and disturbances such as error approximation of the fuzzy model. Thus, a proportional-integral-derivative (PID) controller and matrices of the traditional model of Riccati equation are utilized to ensure the robustness. In the synthesis of this control part, the H infinity technique is adopted and the stability of the system is proved using Lyapunov stability. Subsequently, to validate the effectiveness of the proposed controller, it was applied to vibration control of a vehicle seat suspension with a magnetorheological (MR) damper subjected to stiffness variation due to the magnitude of the input current. In this problem, two types of road conditions, bump and random step wave, were adopted and control performance was evaluated in both simulations and experiments. Based on these evaluations, the proposed controller provides high control performances, effectively controlling the acceleration and displacement at the driver position. Appl. Sci. 2019, 9, 4540 2 of 16 sensor fault, were considered and the fuzzy model was applied in the adaptation laws related to the above three factors. The controller developed in [2] is different from the controller in [1], using a new function as a reset mechanism for the adaptive control law. The objective of the reset solution was to improve the transient performance by leading the estimated parameters to the best values at the initial steps of adaptation. In fact, the reset mechanism was designed by setting a time related boundary of stability and instability times, and this boundary was solved by adaptation laws. Recently, the adaptive control has been used for control unknown phenomena such as dead-zone [3] . Basically, the unknown problem in control was solved by using Nussbaum-type function, and the parameter of the Nussbaum function was updated by adaptation law and the fuzzy model. From the above three studies on adaptive control, the Lyapunov and its modification are main functions to evaluate the stability and design of adaptation laws. The technique using PID in adaptive control [4] [5] [6] [7] [8] [9] [10] was also continuously analyzed.
Introduction
The more modern is the machine used, the more complicated is the control required. This slogan is currently popular in various industrial societies. The objectives of this slogan, of course, are to achieve higher control efficiency, less power consumption, higher safety and so forth. In control of complicated systems, the model of adaptive control is one of the favored solutions because of its stability and high efficiency. There are two types of adaptive control: indirect and direct controls. The indirect model is the best choice for design of adaptive control, which can be changed to direct model by applying constant parameters for the denominator in main input control. In addition, the main advantage of the adaptive control is its combination with other controls such as fuzzy model, PID (Proportional-Integral-Derivative), optimal control, and sliding mode control. In [1] , the indirect adaptive model was studied for MIMO (Multiple-Input and Multiple-Output) nonlinear system. In this study, three main factors of the control, namely actuator fault, unknown system function, and where K m = [k m , k m−1 , k m−2 , . . . , k 1 ]. It is noted that k m = 1 in this analysis. The sliding surface in Equation (7) is rewritten as follows:
A new vectorx s is defined byx ns = [x n1 x n2 x n3 . . . x nm−1 ] T , and thus the system in Equation (4) is rewritten as: .
x ns = S n1xns + S T n2 s ∆
where
The derivative of Equation (7) is obtained as follows.
.
x n2 + k 3 .
x n3 + . . . + k m−1 .
x nm−1 + f n0 (x ns ) + g n0 (x ns )u(t) + D n (t) (10) The lumped uncertainty is expressed by w nl = γ n f ξ n f + γ ng ξ ng u + D n (11) where γ n f = f n0 (x ns ) − f * n00 (x ns ) and γ ng = g n0 (x ns ) − g * n00 (x ns ). Substituting Equation (11) into Equation (10) yields the following equation.
Then, Equation (12) k i x ni+1 + θ * n f ξ n f + θ * ng ξ ng u + w nl (13) where θ * n f = argmin θ n f ∈∆θ n f sup x ns ∈∆x n f n (x ns ) − f n00 (x ns ) , θ * ng = argmin θ ng ∈∆θ ng sup x ns ∈∆x n g n (x ns ) − g n00 (x ns ) , ∆θ n f = θ n f ∈ R m , θ n f ≤ ε n f , ∆θ ng = θ ng ∈ R m , θ ng ≤ ε ng , ∆x n = x ns ∈ R m , x ns ≤ ε nx
In the above equations, ε n f , ε ng , ε nx are constant boundaries. An equivalent control of the system is derived from Equation (13) based on assumption of w nl ≈ 0:
To guarantee the robustness and stability in control, a new robust control u n2 is suggested as follows:
2 Γ n s ∆ ξ f zxns P n S n2 S T n2 P nxns T + K P S T 2 E n E T n P n B P +
Appl. Sci. 2019, 9, 4540 5 of 16 where e n = x nd − x ns , E n = [e n1 , e n2 , . . . , e nm ] is tracking error and x d is the desired value. The value of B P is determined as follows:
. The value Γ n is the adaptive parameter related the modified Riccati-like equation, and its boundary is given by ∆Γ n = Γ n ∈ R, Γ n ≤ ε nΓ , Γ n ξ f z ≤ ρ ; ε nΓ is constant boundary. The matrix P n = P T n ≥ 0 in which its result is a solution of a new modified Riccati-like equation given by
The boundaries of K P , K I , and K D are determined as
respectively. In these boundaries, ε nKP , ε nKI and ε nKD are positive constants. Finally, the control u of the system is determined as follows.
Remark 1. The modified Riccati-like equation given in Equation (17) is a new format including three parameters of the classical PID control and the fuzzy neural networks model. This format opens a new approach to improve performance of the system through the adaptation laws. The conventional Riccati-like equation is fixed with elements related to the Hamiltonian equation, matrices and vectors of the system. The expansion of the Riccati-like equation proposed in this work can bring a flexibility for calculation and combination with other controllers to enhance control robustness against severe disturbances.
Remark 2.
To evaluate the stability and robustness of the system, Lyapunov function of the system in Equation (3) is suggested as follows.
Based on the evaluation of the Lyapunov equation, six adaptation laws are found:
. .
where δ 1 , δ 2 , δ 3 , δ 4 , δ 5 , δ 6 are chosen parameters related to the boundaries f n (x s ), g n (x s ), Γ n , K P , K I , and K D of the nonlinear model and the PID control.
Proof 1. The derivative function of the sliding surface is rewritten by substituting Equation (18) into Equation (13) as follows.
Appl. Sci. 2019, 9, 4540 7 of 16 where γ n f = θ * n f −θ n f , γ ng = θ * ng −θ ng . From the equation of Lyapunov (Equation (19)), the derivative is obtained as follows.
The equivalence function of Equation (17) is written by
From Equations (33) and (34), the derivative function of Lyapunov can be obtained as follows.
Using Equations (11) 
Now, integrating Equation (36) from t = 0 to t = T yields the following equation
It is noted that the value V(T) > 0, and thus Equation (37) can be written as follows:
This result verifies that the stability of the system is guaranteed, and thus the proof of the adaptation laws is completed.
Application to Vibration Control

Seat Suspension Model
As mentioned in the Introduction, to validate the effectiveness of the proposed control, the vehicle seat suspension model with MR damper shown in Figure 1 is adopted. The governing equations are derived as follows [9] .
.. 
The damping force of the MR damper is determined as [9] : 
The voltage  is changed to the applied current, and then this current is used as the input with the relationship of
The parameters for the seat suspension and MR damper are given in [9] . 
Computer Simulations
In this study, the proposed controller was evaluated from both computer simulation and experimental realization. To emulate the road profiles in practical environment, two road excitations were adopted: random bump road and random step wave road. These excitations have different properties, and were collected from the real roads. The random bump road has small differences of magnitude of vibration, and it was used for checking the stability under small difference of amplitude and/or small disturbances. For the random step wave excitation, the large difference of amplitude shows severe disturbance which exists inside the performance. Hence, these excitations were the best choice for evaluating the control performance related to the road profiles. It is remarked again that the parameters of the seat suspension are listed in [9] . The maximal force of the MR damper was 1000 N ( %) 5  , and the maximal current was 2 A. The parameters of the fuzzy model are presented in [9] with six clusters, and the sigma value for Gaussian function was chosen as 0.4. The constant values of the sliding surface   The above equations can be rewritten using the state-space model as follows.
The damping force of the MR damper is determined as [9] :
). Using Equation (42), the voltage to be applied to MR damper ν is obtained as.
The voltage ν is changed to the applied current, and then this current is used as the input with the relationship of u = F MRd . The parameters for the seat suspension and MR damper are given in [9] .
In this study, the proposed controller was evaluated from both computer simulation and experimental realization. To emulate the road profiles in practical environment, two road excitations were adopted: random bump road and random step wave road. These excitations have different properties, and were collected from the real roads. The random bump road has small differences of magnitude of vibration, and it was used for checking the stability under small difference of amplitude and/or small disturbances. For the random step wave excitation, the large difference of amplitude shows severe disturbance which exists inside the performance. Hence, these excitations were the best choice for evaluating the control performance related to the road profiles. It is remarked again that the parameters of the seat suspension are listed in [9] . The maximal force of the MR damper was 1000 N (±5%), and the maximal current was 2 A. The parameters of the fuzzy model are presented in [9] with six clusters, and the sigma value for Gaussian function was chosen as 0.4. The constant values of the sliding surface [k 1 , k 2 ] for two excitations were chosen as [0.02, 1]. The initial value Γ n of the Riccati-like equation was chosen as 0.01. The value Γ n of as 0.01 was initial one for the adaptation law in Equation (28). The adaptation law is the derivative function, hence Γ n must be chosen as a positive value. The value of 0.01 was finally chosen based on the trial-and-error method by observing control performance. Besides, the matrix Q n of the Riccati-like equation was chosen as Q n = [−2 0; 0 − 2], and the value β was 20,000. The values of η 1 , η 2 , η 3 , η 4 , η 5 , η 6 of adaptation laws were chosen as 700 for all. The values of ε n f , ε ng , ε nΓ , ε nKP , ε nKI , and ε nKD were chosen as 10 for all. The values of δ 1 , δ 2 , δ 3 , δ 4 , δ 5 , and δ 6 were chosen as 0.05 for all. The values of K P , K I , K D were chosen as (10, 150, 50), and (10, 150, 10) for random bump road and random step wave road, respectively.
In this simulation, the initial states used were [0.01 2.5] for the dynamic states, [0.06 0] for the observer states, and 3.5 m/s 2 for the initial acceleration. In this simulation, the fourth-order Runge-Kutta method was applied for solving the differential equation. Simulation results are shown in Figures 2-5. In Figure 2 , the displacement of the seat before and after controlling is presented. The controlled displacement of the seat is less than the initial vibration. The initial amplitude of vibration before and after using the control is in range of −0.06 to 0.08 m, as shown in Figure 2a , and −0.002 to 0.004 m, as shown in Figure 2c , respectively. Subsequently, the velocity shown in Figure 2b ,d of the seat is also decreased with the stability. The power spectral density of these vibrations and the driver position is shown in Figure 3 . It is clearly observed that the proposed control is very efficient for controlling the random bump road excitation. This result directly indicates that the vibration with small difference of amplitude and trivial disturbance can be controlled well by using the proposed controller. The simulated results under the random step wave road are shown in Figures 4 and 5 . In Figure 4 , the displacement of the seat is much lower than the initial vibration. The initial amplitude of vibration before and after using the control is in range of −1.5 to 1.5 m, as shown in Figure 4a , and −0.004 to 0.004 m, as shown in Figure 4c , respectively. The velocity shown in Figure 4b ,c of the proposed control is also stable without large vibration. These results can be seen in Figure 5 with the power spectral density. The simulation results show very effective vibration control of the seat suspension system subjected to severe vibration with mixed disturbances. This is from the new modification of the Riccati-like equation with embedded parameters of the PID controller, and the combination of the sliding surface of sliding mode control with the fuzzy neural networks model to take account for the uncertainties and disturbances.
power spectral density. The simulation results show very effective vibration control of the seat suspension system subjected to severe vibration with mixed disturbances. This is from the new modification of the Riccati-like equation with embedded parameters of the PID controller, and the combination of the sliding surface of sliding mode control with the fuzzy neural networks model to take account for the uncertainties and disturbances. 
Experimental Results and Discussions
To implement the proposed controller, an experiment setup is shown in Figure 6 , in which several sensors such as linear variable differential transformer (LVDT) transducer, accelerometers at the seat and driver were used to get the feedback signals to the controller. Detail information for the sensor is shown in [9] . In this experiment, two comparative controllers were adopted for comparison: Comparative Controller 1 [22] and Comparative Controller 2 [9] . These comparative controllers are the type of hybrid controller including the Riccati-like equations and the combination of sliding mode control and fuzzy control in their design. This choice is valuable for evaluating the proposed controller, which is also a kind of hybrid controller. As in the computer simulation, the random-stepwave road excitation was chosen for the experiment. This excitation was embedded in the shaker system, as shown in Figure 6 . It is noteworthy that the computer system included two part: one for the hydraulic shaker control and the other for the proposed controller with Dspace 1104. The applied current for MR damper was used with maximum value 2 A for three controllers. The limitation of the maximum value of the applied current was reasonable to evaluate three controllers showing their best in control performance under severe vibration environment. The measured results of the controllers are presented in Figures 7-9 . In Figure 7 , the responses of the controllers including displacement, velocity, and acceleration of seat and driver are shown. It is clearly seen that the 
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To implement the proposed controller, an experiment setup is shown in Figure 6 , in which several sensors such as linear variable differential transformer (LVDT) transducer, accelerometers at the seat and driver were used to get the feedback signals to the controller. Detail information for the sensor is shown in [9] . In this experiment, two comparative controllers were adopted for comparison: Comparative Controller 1 [22] and Comparative Controller 2 [9] . These comparative controllers are the type of hybrid controller including the Riccati-like equations and the combination of sliding mode control and fuzzy control in their design. This choice is valuable for evaluating the proposed controller, which is also a kind of hybrid controller. As in the computer simulation, the random-step-wave road excitation was chosen for the experiment. This excitation was embedded in the shaker system, as shown in Figure 6 . It is noteworthy that the computer system included two part: one for the hydraulic shaker control and the other for the proposed controller with Dspace 1104. The applied current for MR damper was used with maximum value 2 A for three controllers. The limitation of the maximum value of the applied current was reasonable to evaluate three controllers showing their best in control performance under severe vibration environment. The measured results of the controllers are presented in Figures 7-9 . In Figure 7 , the responses of the controllers including displacement, velocity, and acceleration of seat and driver are shown. It is clearly seen that the proposed controller provides better vibration control performance than the comparative controllers [9, 23] . The applied current of three controls are shown in Figure 8 . In this figure, the input controls appear to be very complicated, but it is clear the maximum input current has been limited by 2A. Now, to more clearly observe the benefits of the proposed controller, the power frequency responses are presented in Figure 9 . It is remarked here that, according to the standard ISO 2631-1, the acceleration at the driver position should be less than 2.5 m/s 2 . It is seen in Figure 9a that three controllers are effective in control vibration, but the proposed controller clearly provides lower values than the other controllers [9, 23] . Based on the decrease of the acceleration of the seat, the acceleration at the driver position is also decreased, as shown in Figure 9b . The acceleration of the proposed control and the comparative controller 2 [9] is nearly similar. This is originated from the damping ratio of the seat frame which is nonlinear. To compare three controllers, quantification was undertaken in this work: the performance of three controllers was continuously evaluated using the ToD (Transmissibility of Displacement) and ToA (Transmissibility of Acceleration) values of the seat [9] . The ToD values of the random step wave excitation were 0.213565, 0.358171, and 0.246641 for the proposed controller, Comparative Controller 1 [23] , and Comparative Controller 2 [9] , respectively. Similarly, from the acceleration responses, the ToA values of random step wave excitation were identified as 0.170182, 0.396618, and 0.257991 for the proposed controller, Comparative Controller 1 [23] , and Comparative Controller 2 [9] , respectively. From the above results, the proposed controller is the best, showing outstanding vibration control with the stability of the system under severe road disturbance. Now, to more clearly observe the benefits of the proposed controller, the power frequency responses are presented in Figure 9 . It is remarked here that, according to the standard ISO 2631-1, the acceleration at the driver position should be less than 2.5 m/s 2 . It is seen in Figure 9a that three controllers are effective in control vibration, but the proposed controller clearly provides lower values than the other controllers [9, 23] . Based on the decrease of the acceleration of the seat, the acceleration at the driver position is also decreased, as shown in Figure 9b . The acceleration of the proposed control and the comparative controller 2 [9] is nearly similar. This is originated from the damping ratio of the seat frame which is nonlinear. To compare three controllers, quantification was undertaken in this work: the performance of three controllers was continuously evaluated using the ToD (Transmissibility of Displacement) and ToA (Transmissibility of Acceleration) values of the seat [9] . The ToD values of the random step wave excitation were 0.213565, 0.358171, and 0.246641 for the proposed controller, Comparative Controller 1 [23] , and Comparative Controller 2 [9] , respectively. Similarly, from the acceleration responses, the ToA values of random step wave excitation were identified as 0.170182, 0.396618, and 0.257991 for the proposed controller, Comparative Controller 1 [23] , and Comparative Controller 2 [9] , respectively. From the above results, the proposed controller is the best, showing outstanding vibration control with the stability of the system under severe road disturbance. 
Conclusions
In this study, a new controller using a new modified Riccati-like equation with three parameters of the PID controller was proposed and its effectiveness was validated from computer simulation and experimental realization. The robustness of the controller was improved using the sliding surface of sliding mode controller and the fuzzy neural networks model. The H_infinity technique was also used for connecting the above controller and the parameters of the Riccati-like equation. The stability of the proposed control was proven based on the Lyapunov stability criterion. The formulated controller was applied to vibration control of the vehicle seat suspension system with MR (magnetorheological) damper subjected to severe road excitations: random bump road and random step wave road. It was demonstrated that the proposed controller can bring control robustness, showing well-controlled unwanted vibrations at the seat and the driver position in terms of the displacement and accelerations. In addition, it was shown from comparative work that the proposed controller can provide the best vibration control performance compared two existing controllers, which are kinds of hybrid controllers designed for robustness guarantee of control system. The superior property of the proposed controller was also confirmed by calculating two factors of transmission: ToD and ToA. The results presented in this work are self-explanatory, justifying that the proposed controller can apply to any physical system subjected to disturbances and/or 
In this study, a new controller using a new modified Riccati-like equation with three parameters of the PID controller was proposed and its effectiveness was validated from computer simulation and experimental realization. The robustness of the controller was improved using the sliding surface of sliding mode controller and the fuzzy neural networks model. The H_infinity technique was also used for connecting the above controller and the parameters of the Riccati-like equation. The stability of the proposed control was proven based on the Lyapunov stability criterion. The formulated controller was applied to vibration control of the vehicle seat suspension system with MR (magnetorheological) damper subjected to severe road excitations: random bump road and random step wave road. It was demonstrated that the proposed controller can bring control robustness, showing well-controlled unwanted vibrations at the seat and the driver position in terms of the displacement and accelerations. In addition, it was shown from comparative work that the proposed controller can provide the best vibration control performance compared two existing controllers, which are kinds of hybrid controllers designed for robustness guarantee of control system. The superior property of the proposed controller was also confirmed by calculating two factors of transmission: ToD and ToA. The results presented in this work are self-explanatory, justifying that the proposed controller can apply to any physical system subjected to disturbances and/or uncertainties. As a second phase work, a new robust controller will be formulated by considering both the variation of the main system parameters such as sprung mass and unmodeled dynamics of the driver such as human body model.
